The precise measurements of the B 0 d oscillation frequency and the limit on the B 0 s one as well as the determination of the Cabibbo-Kobayashi-Maskawa matrix element |V ub | improve the constraints on the other elements of this matrix.
Introduction
The Standard Model [1] of the electroweak interactions predicts a mixing of the quark mass eigenstates with the weak interaction ones. This mixing is described by the Cabibbo-KobayashiMaskawa [2] (CKM) matrix. Four real parameters describe this 3 × 3 unitary matrix [3] :
As A, ρ and η are of order unity, and λ is chosen as the sine of the Cabibbo angle, this parametrisation shows immediately the hierarchy of the couplings of the quarks in the charged current part of the Standard Model Lagrangian. Moreover in this parametrisation the parameter η is the complex phase of the matrix and is thus directly related to the known violation of the CP symmetry produced by the weak interactions. The measurement of the parameters of the CKM matrix is thus of fundamental importance for both the precision description of the weak interaction of quarks and the investigation of the mechanism of CP violation. The parameters A and λ are known with an accuracy of a few percent and the determination of ρ and η is the subject of this letter. A large number of physical processes can be parametrised in terms of the values of the elements of the CKM matrix, together with other parameters of theoretical and experimental origin. Four of them show good sensitivity for the indirect determination of ρ and η and are discussed in what follows. A fit based on this information has been performed, as suggested in [4] , and its results are presented below.
As it is well known the measurement of ρ and η is equivalent to the determination of the only unknown vertex and the angles of a triangle in the ρ − η plane whose other two vertices are in (0,0) and (1,0). Figure 1 shows this triangle, called the unitarity triangle.
Constraints
The value of the sine of the Cabibbo angle is known with a good accuracy [5] as:
The parameter A depends on λ and on the CKM matrix element |V cb |. Using the value [5] :
it can be extracted:
035. The four processes most sensitive to the value of the CKM parameters ρ and η are described in the following, along with their experimental knowledge and theoretical dependences.
CP Violation for Neutral Kaons
The mass eigenstates of the neutral kaons can be written as |K S = p|K 0 + q|K 0 and |K L = p|K 0 − q|K 0 . The relation p = q implies the violation of CP that, in the Wu-Yang phase convention [6] , is described by the parameter ǫ K defined as:
The precise measurements of the K S → π + π − and K L → π + π − decay rates imply [5] :
The relation of |ǫ K | to the CKM matrix parameters is [7, 8] :
The functions f 3 and f 2 of the variables y t = m 
From the value of the mass of the top quark reported by the CDF and D0 collaborations [5] , 173.8 ± 5.2 GeV, and the scaling proposed in [9] one obtains:
while the mass of the charm quark is [5] :
The current values of the parameters that include the calculated QCD corrections are [9, 10] :
The largest theoretical uncertainty which affects this constraint is that on the "bag" parameter B K , that reflects non-perturbative QCD contributions to the process. Using the value of the JLQCD collaboration [11] , B K (2 GeV) = 0.628 ± 0.042, with a calculation similar to that reported in [12] the value used in the following can be derived as:
The other physical constants of the formula are reported in Table 1 . This constraint has the shape of an hyperbola in the ρ − η plane. 
Oscillations of B
In the neutral B system the mass difference ∆m d = m B H − m B L is the key feature of the physics while the lifetime difference dominates the effects in the neutral kaon system. This mass difference can be measured by means of the study of the oscillations of one CP eigenstate into the other. The high precision world average is [13] :
The relation of ∆m d with the CKM parameters, making use of the Standard Model description of the box diagrams that give rise to the mixing and the parametrisation (1) of the CKM matrix, reads:
The function f 2 is given by (3), the value of the calculated QCD correction η B is [9, 10] :
and the equivalent of the B K parameter for the kaon system, f B d B B d , is taken as [14] :
The measurement of ∆m d constrains the vertex of the unitarity triangle to a circle in the ρ − η plane, centred in (1, 0). 
The expression for ∆m s in the Standard Model is similar to that for ∆m d . From the ratio of these two expressions the value of ∆m s can be written as:
where all the theoretical uncertainties are included in the quantity ξ, known as [14] :
f Bs √ B Bs = 1.14 ± 0.08.
This experimental lower limit excludes the values of the vertex of the unitarity triangle outside a circle in the ρ − η plane with centre in (1, 0).
Charmless Semileptonic b Decays
The three constraints described above are all affected by a large theoretical uncertainty on some of the parameters that enter their expression, namely B K , f B d B B d and ξ. A determination of either |V ub | or the ratio |V ub |/|V cb | allows a more sensitive constraint not relaying on any non-perturbative QCD calculation. It follows from the CKM matrix parametrisation of (1) that:
The CLEO collaboration has measured this ratio by means of the endpoint of inclusive [16] charmless semileptonic B decays as: |V ub |/|V cb | = 0.08 ± 0.02. The ALEPH and L3 collaborations have recently measured at LEP the inclusive charmless semileptonic branching fraction of beauty hadrons, Br(b → X u ℓν), from which the value of |V ub | can be extracted [17] as:
The experimental results are :
where the first uncertainty is statistical and the second systematic, with the average:
with the same meaning of the uncertainties. This value makes it possible to determine |V ub | at LEP by means of the formula (7) as:
The first uncertainty is statistical, the second systematic and the third theoretical. The value τ B = (1.554 ± 0.013)ps [20] has been used. Using the quoted value of |V cb | the combination with the CLEO measurement yields:
The uncertainty on this important constraint is thus significantly reduced by the inclusion of the recent LEP measurements. A further reduction to 0.015 could be achieved by the inclusion of the DELPHI collaboration preliminary measurement of this quantity [21] . This constraint gives a circle in the ρ − η plane with centre in (0,0), shown in Figure 2 together with all the other constraints described above.
Determination of ρ and η
The ρ and η parameters can be determined from a fit to the experimental values of all the constraints described above. The experimental and theoretical quantities that appear in the formulae describing the constraints have been fixed to their central values if their errors were reasonably small, and are reported in the left half of Table 1 . The quantities affected by a larger error have been used as additional parameters of the fit, but including a constraint on their value. This procedure has been implemented making use of the MINUIT package [22] to minimise the following expression: Table 1 : Physical constants and parameters of the fit. The values whose origin is not discussed in the text are from [5] .
The symbols with a hat represent the reference values measured or calculated for a given physical quantity, as listed in Table 1 (2), (4), (5) and (6) . As no measurements of ∆m s are available a further contribution to the χ 2 analogous to the previous ones can not be calculated. The following approximation has been used to extract a contribution from the Confidence Levels of the ∆m s exclusion. The results of the search for B 0 s oscillations have been presented and combined [13] in terms of the oscillation amplitude A [23] , a parameter that is zero in the absence of signal and compatible with one if an oscillation signal is observed, as in:
The experimental results are reported in terms of A (∆m s ) and σ A (∆m s ), which leads to the quoted 95% Confidence Level limit as the value of ∆m s for which the area above one of the Gaussian distribution with mean A (∆m s ) and variance σ 2 A (∆m s ) equals the 5% of the total area. As noted in [24] the full set of combined A (∆m s ) and σ A (∆m s ) measurements indeed contains more information than this limit and it is used in this procedure, with a different statistical approach. The value of ∆m s can be calculated for each value taken by the fit parameters ρ, η and ξ by means of formula (5) Figure 3a shows the allowed confidence regions in the ρ − η plane, together with the favoured unitarity triangle, that is also shown superimposed on the constraints of Figure 2 .
From these results it is possible to determine also the value of the angles of the unitarity triangle. The angles α and β are reported in terms of the functions sin 2α and sin 2β as will be measured at the • .
In terms of 95% Confidence Level regions these last results can be expressed as: −0.71 < sin 2α < 0.70 0.56 < sin 2β < 0.94 44
Interpretations
The fit procedure described above can also be used to extract information on the theory parameters that enter the fit with a large uncertainty and at the same time, perform an estimation of ρ and η independent of them. This can be achieved by removing from the fit the constraint on the parameter. The two parameters B K and f B d B B d are those affected by the largest theory uncertainty. By applying this method to the parameter B K , the fit yields: Figure 3b shows the experimentally favoured regions in the ρ − η plane for this fit together with the lower limit and expected sensitivity (∆m s = 13.8 ps −1 [15] ) of the current experiments to B 0 s oscillations. The confidence regions for ∆m s can be extracted from this fit as: ∆m s = 11.3
The LEP measurements have greatly improved the constraints on the CKM matrix. Another fit has been performed removing the ∆m s constraint, derived mainly from the LEP limits, and excluding the LEP measurement from the averages of the other input quantities; that is using:
The first value is that quoted above from the CLEO collaboration [16] , the second follows from [25] and the last has been estimated from the current published and preliminary results from the CDF and SLD collaborations. This fit, as shown in Figure 3c , yields: • .
Some of the errors are reduced by as much as a factor three by the inclusion of the LEP data.
A real CKM matrix ?
To date the only experimental evidence for the violation of CP in the CKM matrix, namely its complex phase described by a value of η different from zero, comes from the neutral kaon system. As different models have been proposed to explain that effect, it is of interest to remove from the fit the constraint related to this process and then investigate the compatibility of η with zero [26] . This procedure yields the following results, graphically displayed in Figure 3d :
−0.090 η = 0.394
The value of η is not compatible with zero at the 95% and 99% of Confidence Levels either:
If the CKM matrix is assumed to be real, as recently proposed for instance in [27] , all the circular constraints reduce to linear intervals on the ρ axis, onto which the unitarity triangle will then be projected. This hypothesis can be checked removing again the neutral kaon constraints from the fit and modifying the formulae (4), (5) The value of the χ 2 function at the minimum is 6.7, leading to the conclusion that a CKM matrix real by construction can fit the data.
Conclusions
The combination of the precise measurements of ∆m d , the updated limits on ∆m s and the determination of |V ub | helps in constraining the CKM matrix elements.
From a simultaneous fit to all the available data and theory parameters the vertex of the unitarity triangle is determined as: • .
The accuracy on sin 2β from this indirect analysis is already at the same level as that expected to be achieved with the direct measurement at the B-factories due to become operational in the next future. These limits greatly benefit from the inclusion of LEP data.
The fit suggests the value of the non-perturbative QCD parameter f B d B B d as:
The parameter η related to the complex phase of the matrix and thus to the CP violation is found to be different from zero at more than the 99% Confidence Level, even removing from the fit the constraints arising from CP violation in the neutral kaon system. Nonetheless the hypothesis of a real matrix can still fit the data without this constraint.
The fit also indicates the ∆m s variation range as:
These results improve those of similar previous analyses [24, 28] and agree with another one based on a different approach [15] . 
